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Conventional dispersion and steric interactions between mesogenic molecules

generally promote SmC�, while the interlayer orientational correlation between

transverse molecular dipoles stabilizes anticlinic SmCA
�. Ferroelectric and

antiferroelectric orders thus produced are frustrated because of the X-Y free-

dom and the low-energy barrier between them. We can naturally explain not

only a series of subphases between SmCA
� and SmC� but also the staircase

character of SmCa
� emerging just below SmA by using the Casimir type long-

range interaction due to polarization fluctuations, if we take account of the

discrete flexoelectric polarization appropriately in addition to the ordinary one.
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1. INTRODUCTION

The synclinc smectic-C phase (SmC ) and the anticlinic smectic-CA phase
(SmCA) are the fundamental mesophases with fluid layers that are observed
in the rod-like molecular system. When the constituent molecules make the
system chiral, the phases are designated as SmC� and SmC�

A, respectively,
and may become ferroelectric and antiferroelectric with spontaneous
polarization perpendicular to the tilt plane [1–5]. In many materials, there
may exist a sequence of polar subphases with periodical structures of three,
four, and more smectic layers between SmC�

A and SmC� and an additional
subphase designated as SmCa

� just below SmA on the high temperature side
of SmC� — unless SmC� is stable, SmCa

� and the other subphases may
coalesce and emerge between SmCA

� and SmA [5–7]. In the early stage of
investigations, Takanishi et al. [5,8] and Hiraoka et al. [5,9] noticed that
SmCa

� is not a simple single phase but may constitute a devil’s staircase as
exemplified in Figure 1. Then, Isozaki et al. [5,7] also emphasized that the
subphases between SmCA

� and SmC� must be another devil’s staircase.
Actual subphase sequences are various and depend, sometimes sensitively,
on particular compounds and mixtures as illustrated in Figure 2 [5,10]; the
two staircases coalesce as SmC� becomes unstable and disappears. It is
worth while noticing that racemization makes all the subphases disappear
as shown in Figure 3 [5,11]. Sophisticated experimental techniques, such as
polarized resonant X-ray scattering [12–14], precision ellipsometry and
reflectometry [14–17], advanced polarizing microscopy [18,19] etc., have
recently been used to determine the detailed subphase structures. It has
unambiguously established that the subphases between SmCA

� and SmC�

with three and four layer periodicities are not coplanar and that the azi-
muthal angle difference between the directors in adjacent layers is con-
siderably deviated from Df ¼ 0� (synclinic) and 180� (anticlinic) [14,20].
With respect to SmCa

�, a short pitch helical structure has recently been
emphasized in contrast with the previous suggestion of its devil’s staircase,
although some successive transitions indicating a staircase character of
SmCa

� were observed in very thin free-standing films [21].
Two conflicting approaches have been proposed by regarding as impor-

tant either the continuous short-pitch evolution of the SmCa
� helical

structure [22–24] or the devil’s staircase character not only of subphase
emergence between SmC�

A and SmC� but also of SmCa
� itself [25–29]. The

first one, called the discrete, clock, or X-Y model, takes into account
competing orientational interactions between nearest- and next-nearest-
neighbor smectic layers by neglecting the entropy effect in the approxi-
mation of absolute zero Temperature. Then the minimum of the free energy
corresponds to a uniform rotation of the tilt plane about the layer normal,
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and the azimuthal angle difference in adjacent layers is equal to 2pq where
(1/q) is the number of layers in one period. By introducing several much
more complicated interactions, we may be able to explain qualitatively the
formation of subphases with three and four layer periodicities as well as the
continuous short-pitch evolution of SmC�

a . However, it is difficult to
understand naturally the devil’s staircase character in SmCa

� emerging just
below SmA as well as in a series of subphases between SmC�

A and SmC�.

FIGURE 1 Staircase character of SmC�
a . Light transmittance under crossed polar-

izers and electric current were measured at four temperatures within SmCa
� by

applying a � 60 Vpp/6mm triangular wave electric field of 0.5 Hz in a homogeneous

cell of MHPOCBC. Note that SmCa
� is antiferroelectric at 100�C (upper left) just

below SmA, while it is ferrielectric at 96�C (lower right) just above SmCA
� [5,8].
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The second approach is based on the ANNNI (Axial Next Nearest Neighbor
Ising) model. It is known that a sequence of subphases which resemble the
devil’s staircase are indeed obtained in such a model [30,31]. This is a
microscopic model and hence the entropy effect, i.e. the low orientational
order in a smectic layer, plays an essential role. Since the order is as high as
0.7 or more, however, the ANNNI model Hamiltonian can hardly be applied
to smectic liquid crystals [32]. In this way, neither of the above models could
explain the thus far experimentally observed facts appropriately.

FIGURE 2 A variety of subphase sequences. Temperature vs. mixing ratio (T–x)

phase diagrams were constructed in two mixture systems, (a) (R)-MHPBC and

(R)-TFMHPBC, where the helical pitch grows infinite in between, and (b) (R)-

MHPBC and (S)-TFMHPBC, where the in-layer ordinary spontaneous polarization

becomes zero. The subphases with three and four layer periodicities were first

designated as SmCg
� (ferrielectric) and AF (antiferroelectric but other than SmCA

�).
Later they were also called SmCFI1

� and SmCFI2
�; the designation SmCFI2

� is mis-

leading, however, because it is antiferroelectric but not ferrielectric. There exist FIL
(ferrielectric) and FIH (ferrielectric) on the low and high temperature sides of

SmCg
�. Moreover, in other compounds, another subphase FI (ferrielectric) may

emerge above AF. Consequently, the most general subphase sequence is ’SmCA
�-FIL-

SmCg
�-FIH-AF-FI-SmC�-SmCa

�-SmA’, although all of them may not appear at the

same time in a particular compound or mixture [5,7].
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In solid-state physics, we frequently encounter such large-scale struc-
tures as those with periodicities of three, four, and more smectic layers.
The presence of some form of frustration is common to the emergence of
the structures. At the point in the phase diagram where the dominant
ordering forces happen to be equal, a large number of alternative struc-
tures may have nearly the same free energy. The frustration may allow us to
disclose delicate effects, which otherwise are hard to detect. Two statistical
models have been developed which exemplify the emergence of the devil’s
staircase by lifting the degeneracy [33]. One is ANNNI model described
above, and the other is the one-dimensional Ising model with long-range
repulsion proposed by Bak and Bruinsma [34,35]. Prost and Bruinsma tried
to explain the formation of SmCa

� as Well as its devil’s staircase character
based on the Bak-bruinsma model by taking into account the Casimir type
long-range interaction due to polarization fluctuations [36,37]. these
polarization fluctuations have been measured and are known to be impor-
tant for dielectric behavior in SmC� [38]. In the physics of liquid crystals

FIGURE 3 Racemization-induced subphase disappearance. Temperature vs. opti-

cal purity (enantiomeric excess: e.e.) phase diagram was constructed in the mixture

system of (R)-MHPBC and (racemate)-MHPBC. Note that racemization makes all

the subphases disappear [5,10].
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under consideration, the frustration occurs between ferroelectricity and
antiferoelectricity, i.e. synclinic SmC� and anticlinic SmCA

� . In this paper,
we first calculate the free energy difference between SmC� and SmCA

�

based on the molecular model developed by Osipov and Fukuda [39],
obtaining two frustration points. Then we consider the lifting of degeneracy
at these points by the Casimir type long-range interaction due to the
polarization fluctuations [36,37]. It will become clear that we have to take
account of the discrete flexoelectric polarization, which was introduced to
explain the non-planar structures of the subphases [32].

2. FREE ENERGY DIFFERENCE BETWEEN SmC�
A AND SMC�

Assuming the perfect orientational and translational orders in a system of
uniaxial constituent molecules, Osipov and Fukuda have proposed a rea-
listic molecular model for SmCA

� [39]. The fundamental phases, synclinic
ferroelectric SmC� and anticlinic antiferroelectric SmCA

�, must be stabi-
lized by short-range intermolecular interactions, which are expanded in
terms of the spherical invariants. By taking into account only the lowest
order non-polar terms, the conventional internal energy as well as the
packing entropy resulting from intra-layer interactions is given by

U?
eff ¼ const þ ð2v?

2 þ v?
3 Þf1� ðn � eÞ2g þ v?

4 f1� ðn � eÞ2g2: ð1Þ

Here n is the director in a single layer, e the layer normal, v?
2 ; v

?
3 , and v?

4

are expansion coefficients. The corresponding free energy normalized by
kT� can be written as

F?ðYÞ
kT� ¼ 6ð2~vv?

2 þ ~vv?
3 Þf1� ðn � eÞ2g þ 6~vv?

4 f1� ðn � eÞ2g2

¼ að~TT � 1Þ sin2 Yþ B sin4 Y:

ð2Þ

where ~vv?
2 ¼ v?

2 =kT�,~vv?
3 ¼ v?

3 =kT�; ~vv?
4 ¼ v?

4 =kT�, Y is the tilt angle, ~TT ¼
T=T� the dimensionless temperature normalized by the phase
transition temperature between SmA and SmC� or SmCA

�, and a> 0 and
B> 0 are temperature-independent dimensionless constants. Note that
there exist 6 nearest neighbor molecules in the same layer. This is just the
Landau type description of the phase transition from SmA to SmC� or
SmC�

A. Hence it would not distinguish SmC� and SmC�
A. The transition

temperature and the absolute value of the tilt angle Y are mainly deter-
mined by Eq. (2). By minimizing Eq. (2) with respect to the tilt angleY, we
obtain the temperature variation of Y,

Y ¼ 180

p
sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2B

ð1� ~TTÞ;
r

ð3Þ
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which sensitively depends on the parameter ratio a/B as shown in
Figure 4.

The free energy resulting from inter-layer interactions are also expanded
in terms of the spherical invariants. Taking into account only the lowest
order nonpolar terms, i.e. the terms which are quadratic in n1 and n2, we
obtain for the conventional internal energy as well as the packing entropy,

U
k
eff ¼ const þ v

k
1P2ðn1 � n2Þ þ v

k
2fðn1 � eÞ

2 þ ðn2 � eÞ2g

þ v
k
3ðn1 � n2Þðn1 � eÞðn2 � eÞ þ v

k
4ðn1 � eÞ

2ðn2 � eÞ2; ð4Þ

and for the transverse dipole orientational correlation,

� 1

2kT
V 2

ddð1; 2Þ
� �

b1;b2
¼ d4

?

8kTðL � 2lÞ6 cos6 Y
f�4� ðn1 � n2Þ2

þ 3ðn1 � eÞ2 þ 3ðn2 � eÞ2 þ 6ðn1 � eÞðn2 � eÞðn1 � n2Þ
� 9ðn1 � eÞ2ðn2 � eÞ2g: ð5Þ

Here n1 and n2 are the directors in adjacent smectic layers, ‘1’ and ‘2’, e is
the smectic layer normal, d? the transverse molecular dipole, L the
molecular length, l the distance between the dipole moment in the alkyl

FIGURE 4 Tilt angle temperature dependence. The phase transition at T� from

SmA to SmC� or SmCA
� was described by using the Landau expansion in terms of

the normalized temperature ~TT ¼ T=T� and the dimensionless parameter ratio a/B.

The tilt angle Y (deg.) was calculated as a function of normalized temperature ~TT .
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chain and the molecular center of mass, and hence (L -2l) cos Y is the
distance between the transverse dipoles of neighboring molecules in
adjacent smectic layers. Using Eqs. (4) and (5), we obtain

Fkðf1 � f2Þ
kT� ¼ cosðf1 � f2Þ sin2 2Y � 1

2
~vv
k
eff þ

~dd4
?

2~TT cos6 Y

 !

þ cos2ðf1 � f2Þ sin4 Y 3~vv
k
1 �

~dd4
?

2~TT cos6 Y

 !
; ð6Þ

where ~dd? ¼ d?=fð2kT�Þ1=2ðL � 2lÞ3=2g is the dimensionless dipole,
~vv
k
1 ¼ v

k
1=kT�; ~vv

k
3 ¼ v

k
3=kT �, and ~vv

k
eff ¼ 3~vv

k
1 þ ~vv

k
3 are the dimensionless

expansion coefficients, and f1and f2 are the azimuthal angles that specify
the orientation of the tilt planes in adjacent layers, ‘1’ and ‘2’. Note that the
number of nearest neighbor molecules in adjacent layers are 2 but only half
of it has the head-head position.

In this way, the free energy difference between SmCA
� and SmC�, nor-

malized by kT� as in Eqs. (2) and (6), can be written

~FFC � ~FFCA ¼ Fðf1 � f2 ¼ 0�Þ � Fðf1 � f2 ¼ 180�Þ
kT�

¼ sin2 2Y �~vv
k
eff þ

~dd4
?

~TTcos6Y

 !
: ð7Þ

Figure 5 illustrates the phase diagram and the temperature variation of the
free energy difference, which are characterized by only two parameters, a/
B and ~dd4

?=~vv
k
eff . The ferroelectric and antiferroelectric orders thus produced

are frustrated because of the X-Y freedom and the low-energy barrier
between them. When ~dd4

?=~vv
k
eff

< 1, in particular, two frustration points
exist: one is the ordinary point where the dominant ordering forces happen
to change sign, and the other is slightly peculiar in that three phases, SmA,
SmC�, and SmCA

�, have the same free energy. The former must be related
with a series of subphases between SmCA

� and SmC�, and the latter with
the staircase character of SmCa

�. As ~dd4
?=~vv

k
eff approaches 1, SmC� becomes

unstable and the two staircases may coalesce.

3. THE CASIMIR TYPE LONG-RANGE INTERACTION

Now we consider the degeneracy lifting near the frustration points by the
Casimir type long-range interaction due to polarization fluctuations. We
begin with the Ising model and specify the subphase structure by qT¼ [F]/
([A]þ[F]) in the zero order approximation. Here [A] and [F] are the
numbers of anticlinic (antiferroelectric) and synclinic (ferroelectric)
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FIGURE 5 SmA-SmC�-SmC�
A phase diagram and SmC�-SmC�

A free energy differ-

ence. (a) A simple phase diagram was calculated in the perfectly ordered smectic

liquid crystal which contains SmA, SmC�, and SmC�
A. The abscissa is the normalized

temperature ~TT and the ordinate is the ratio between dimensionless parameters
~dd4
?=~vv

k
eff

describing the relative stability of SmC�
A and SmC�. See text for details. The

boundary between SmC�
A and SmC� depends on the tilt angle; solid and dotted lines

were obtained by using Eq. (3) and by assuming Y¼ const, respectively. (b) The

corresponding free energy difference between SmC�
A and SmC� was calculated as a

function of ~TT : the parameter ~dd4
?=~vv

k
eff

was chosen as 0.8 in (b-1), 0.6 in (b-2), and 0.4

in (b-3). The abscissa is ~TT and the ordinate is dimensionless ð~FFC � ~FFCAÞ=~vvkeff . Note
that there exist two frustration points, where the energy difference becomes zero.

The chiral interaction was considered only to produce the in-layer spontaneous

polarization by disregarding the helical structure. Hence the phase diagram and the

free energy difference are the same as those for SmA-SmC-SmCA and SmC-SmCA,

respectively [39].
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orderings in one period. Note that Yamashita and Miyazima [25] used the q

number where 1/q is the number of smectic layers contained in a wave (one
period). Between q and qT there is a relation: q¼ (1/2) (1 � qT). In the
following numerical calculations, qT’s used are all the irreducible fractional
numbers larger than or equal to 1/10 as well as 0 (SmC�

A) and 1 (SmC�).
The normalized free energy of a subphase specified by qT is given by

~FF ¼ qT
~FFC þ ð1� qT Þ~FFCA þ 1

kT� C
kTffiffiffiffiffiffiffiffiffiffiffiffi
KkK?

p P2
0

eD

X
i

X
j

SiSj

ji � jj2

 !
: ð8Þ

Here Kk and K? are the Frank elastic constants, D¼L cosY is the smectic
layer thickness, e the dielectric constant, P0Si the dipole-moment per unit
area of the ith layer along the y axis with the Ising spin Si¼ �1 [36,37].

Since P0 / sinY;
ffiffiffiffiffiffiffiffiffiffiffiffi
KkK?

p
/ sin2 Y, and e and D may not sensitively

depend on temperature, the Casimir type long-range interaction given by
the last term of Eq. (8) can be written as a simplified dimensionless form,

~JJ ~TT
X

i

X
j

SiSj

ji � jj2
; ð9Þ

where ~TT ¼ T=T�, and ~JJ ¼ CP2
0=ð

ffiffiffiffiffiffiffiffiffiffiffiffi
KkK?

p
eDÞ is a dimensionless tem-

perature-independent constant. Note that the summation depends on a
particular subphase structure specified by qT. Regarding the short-range
interactions, the qT-dependent part is

qT ð~FFC � ~FFCAÞ ¼ qT sin2 2Y �~vv
k
eff

þ
~dd4
?

~TT cos6 Y

 !
: ð10Þ

Consequently, the relative stability of a particular subphase specified by qT

is determined by the qT - dependent part of Eq. (8),

~FF qT

~vv
k
eff

¼ qT sin2 2Y �1þ 1

~TT cos6 Y

~dd4
?

~vv
k
eff

0
@

1
Aþ

~JJ

~vv
k
eff

~TT
X

i

X
j

SiSj

ji � jj2
: ð11Þ

We need only three parameters, a=B, ~dd4
?=~vv

k
eff , and

~JJ =~vv
k
eff . The first one

specifies the temperature variation of the tilt angle as given in Eq. (3) and
Figure 4. The second describes the relative stability of SmC�

A and SmC� as
seen in Figure 5. The contribution of the Casimir type long-range inter-
action is determined by the third parameter ~JJ =~vv

k
eff
; when it is negligible, no

subphase emerges. Figures 6 (a), (b), and (c) illustrate some numerically
calculated results. When ~JJ =~vv

k
eff ¼ 10�4 and ~dd4

?=~vv
k
eff is reasonably smaller

than 1, SmC� is stable and two staircases emerge on both low and high
temperature sides of SmC� as a result of degeneracy lifting at the
frustration points. As ~dd4

?=~vv
k
eff

increases, SmC� disappears and the two
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FIGURE 6 Subphase emergence due to ordinary polarization. The degeneracy

lifting near the frustration points was calculated by taking account of the Casimir

type long-range interaction due to the ordinary polarization fluctuations. Note that

the qT¼ 1/3 subphase with three layer periodicity (SmCg
�), which is experimentally

most stable, is never stabilized. Parameters used are a=B ¼ 5, and ~dd4
?=~vv

jj
eff

¼ 0:97 in

(a), 0.95 in (b), and 0.93 in (c).
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staircases coalesce. When ~dd4
?=~vv

k
eff exceeds 1, all subphases disappear and

only SmCA
� is stabilized.

In this way, the calculated results can explain some aspects of the
actually observed subphase sequences in a variety of compounds and
mixtures. However, we could not conclude that the agreement between
calculated and observed results is satisfactory. In particular, the qT¼ 1/3
subphase with three layer periodicity, which is experimentally most stable,
is never stabilized in the above calculated results. This means that an
essential factor is missing. It must be the additional polarization produced
by the ’discrete’ flexoelectric effect, which was originally introduced in
order to explain the non-planar structures of the subphase [32]. In SmC�

and SmC�
A, we could not detect the discrete flexoelectric effect. In the

subphases, the dominant ordering forces stabilizing SmC� and SmCA
�,

respectively, are nearly equal, and hence the otherwise non-detectable
discrete flexoelectric effect must become to play an essential role. The
resulting discrete flexoelectric polarization can be written, in the first
approximation, in the form of

Pf ;i ¼
mfw?
2D

½e� ðwiþ1 � wi�1�; ð12Þ

where wi�1 ¼ ðe � ni�1Þ½e� ni�1� are the order parameters of the neigh-
boring layers ‘i � 1’, respectively, and D¼L cos Y is the thickness of the
smectic layer, mf the ‘flexoelectric coefficient’, and w? is the susceptibility.
Figure 7 illustrates how the discrete flexoelectric polarization Pf,i, together
with the ordinary one Po,i, emerges in the Ising model of the qT¼ 1/3
subphase. Note that Pf,i, is in the tilt plane and that Si takes not only �1
but also 0. Thus Eq. (11) also allows us to calculate the relative stability of
a particular subphase specified by qT using the Casimir type long-range
interaction due to the Pf,i fluctuations. some numerically calculated results
are shown in Figure 8, which forms a striking contrast to Figure 6 in the
sense that the qT¼ 1/3 subphase exclusively stabilized. What this means is,
we believe, that not only the considerably non-planar structure of the
observed qT¼ 1/3 subphase but also the stable emergence in itself is the
manifestation of an important role played by the discrete flexoelectric
effect. Furthermore, the presence of Pf,i justifies the treatment of this
paper in spite of the previous experimental finding that SmC�

a emerges
even when Po,i is zero in a mixture [40]1; there is no inevitability that both
Po,i and Pf,i become zero at the same mixing ratio.

1We once considered that the mechanism of SMC�
� emergence was slightly different from

that of the other subphases and that the Casimir type long-range interaction due to polariza-

tion fluctuations did not mainly cause SmC�
�.
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4. OPEN QUESTIONS RAISED

In the actual cases, both of the polarizations, Po,i and Pf,i, must contribute
to the subphase emergence. To see their cooperative contributions very
roughly, we replaced Eq. (9) by the simple addition of both contributions,

~JJo
~TT
X

i

X
j

SiSj

ji � jj2
þ ~JJf

~TT
X

i

X
j

SiSj

ji � jj2
; ð13Þ

and obtained Figure 9. The parameters were tentatively chosen as
~JJo=~vv

k
eff

¼ 0:5� 10�4 and ~JJf=~vv
k
eff

¼ 1:0� 10�4, which refer to the con-
tributions from the ordinary and discrete flexoelectric polarizations,

FIGURE 7 In-layer spontaneous polarizations. The ordinary and ‘discrete flexo-

electric’ in-layer spontaneous polarizations, Po,i and Pf,i, were obtained in terms of

the Ising model. Note that Pf,i appears in the tilt plane and has Si ¼ �1 or 0

although Po,i is perpendicular to it and has Si ¼ �1.
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FIGURE 8 Subphase emergence due to discrete flexoelectric polarization. The

degeneracy lifting near the frustration points was calculated by taking account of

the Casimir type long-range interaction due to the discrete flexoelectric polarization

Pf,i. Note that the qT ¼ 1=3 subphase is exclusively stabilized. Parameters used are

a=B ¼ 5 and ~dd4
?=~vv

k
eff ¼ 1:0 in (a), 0.98 in (b), and 0.96 in (c).
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respectively. The subphase sequence between SmC�
A and SmC� shown in

Figure 9 (b) is quite similar to the actually observed one; both of the
qT ¼ 1/3 and 1/2 subphases stably exist and three additional ones appear to
emerge. Such is the case with the calculated results, but the simple addi-
tion used is apparently inappropriate. As explained in Figure 7, Pf,i is in the
tilt plane, while Po,i is perpendicular to it. The first open question raised is
how to generalize Eq. (8) so that we can calculate the Casimir type long-
range interaction due to the fluctuations of polarizations that may not be
parallel one another. After attaining this generalization, we will be able to
reproduce more faithfully a variety of subphase sequences actually
observed in compounds and mixtures. At the same time, we will be able to
show the stabilization of the non-planar subphase structures by using such
generalized Eq. (8) together with Eq. (6).

The second question is concerned with the tilt angle dependence of the
Frank elastic constants. We assumed

ffiffiffiffiffiffiffiffiffiffiffiffi
KkK?

p
/ sin2 Y in deriving Eq. (9);

hence Eq. (9) does become independent of Y, resulting in the degeneracy
lifting even at ~TT ¼ 1 as seen in all the calculated results given in Figures 6,
8 and 9. When the tilt angle becomes zero at ~TT ¼ 1, all the subphases
should have the same free energy and Eq. (8) should be zero there. Con-
sequently, the aforementioned degeneracy lifting at ~TT ¼ 1 is inappropriate
and considerably influences the calculated relative subphase stability and
makes worse the agreement between observed and calculated results
shown in Figures 1 and 9 (c). Note that, as pointed out in Introduction,
SmC�

a is antiferroelectric in the high temperature region just below SmA

and gradually becomes ferrielectric with decreasing temperature at least in
two compounds, MHPOBC and MHPOCBC [5,8]. The calculated results
shown in Figures 6 and 8 appear to be favorable to some extent in
reproducing this experimentally observed tendency, if we choose the tilt
angle dependence of

ffiffiffiffiffiffiffiffiffiffiffiffi
KkK?

p
appropriately. Since SmC�

a is quite uniaxial as
notice experimentally, in other words, it may have the short-pitch helical
structure, the high and low temperature antiferroelectric and ferrielectric
regions must be principally described by the qT ¼ 1=2 and 1/3 structures in
our scenario. Because of the Casimir type long-range interaction due to the
fluctuations of the polarizations, of the flexoelectric polarization, in parti-
cular, the stable configurations of these qT ¼ 1=2 and 1/3 structures may
become much more deviated from the Ising (planar) structures than those
observed in the subphases emerging between SmC�

A and SmC� and hence
look like uniaxial. Note that the qT ¼ 0 structure of SmC�

A could not be
non-planar since the discrete flexoelectric polarization is not produced
when the short-range interaction explicitly stabilizes the anticlinic struc-
ture as explained in Section 3. In SmC�

a , however, the very small tilt angle
and hence the large thermal fluctuations must promote the stabilization of
its non-planar structure and even the qT ¼ 0 structure just below SmA as
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seen in Figure 6 may become uniaxial. Likewise, the transitions within
SmC�

a , e.g. between antiferroelectric qT ¼ 1=2 and ferrielectric qT ¼ 1=3,
may become indistinct.

The third and final open question is the experimental clarification of the
detailed subphase structures other than qT ¼ 1=3 (SmC�

g) and qT ¼ 1=2
(AF). Some of the promising materials are: 12BIMF10 for the subphase
between SmC�

A and qT ¼ 1=3 (SmC�
g), and MHFPDBC for the subphase

between qT ¼ 1=2 (AF) and SmC� [41]. Particularly interesting is the
MHPBC-TFMHPBC mixture systems for studying SmC�

a [10]. Apparently
there exist several types of sequences:

(1) SmC�
a as well as the other series of subphases emerge on both high and

low temperature sides of SmC�;
(2) SmC� disappears and SmC�

a emerges just above another subphase, e.g.
qT ¼ 1=3 (SmC�

g ) or qT ¼ 1=2 (AF);
(3) SmC�

a alone emerges directly above SmC�
A;

(4) SmC�
a alone emerges directly above SmC�;

(5) SmC�
a does not emerge but the other series of subphases exists below

SmC�.

Systematic investigations in a variety of materials using sophisticated
techniques will confirm the validity of the scenario described in this paper
in terms of the two kinds of fluctuation forces; one is the interlayer
orientational correlation between transverse molecular dipoles and the
other is the Casimir type long-range interaction due to the fluctuations of
not only the ordinary but also the ’discrete flexoelectric’ in-layer sponta-
neous polarizations. Experimental results should be analyzed very care-
fully, since contradictory conclusions were derived in a variety of
compounds by using several different techniques [42–60].

FIGURE 9 Subphase emergence due to both Po,i and Pf,i. The degeneracy lifting

was calculated by simply adding both Po,i and Pf,i effects. Parameters used are

a=B ¼ 5, ~dd4
?=~vv

k
eff

¼ 0:8, ~JJo=~vv
k
eff

¼ 0:5� 10�4 and ~JJf=~vv
k
eff

¼ 1:0� 10�4. The sub-

phase sequence between SmC�
A and SmC� given in (b) is quite similar to the

actually observed one, although the simple addition used is apparently inap-

propriate. On the other hand, the staircase character of SmC�
a given in (c) does not

reproduce the experimentally observed tendency: antiferroelectric at high tem-

perature just below SmA and ferrielectric at low temperatures just above SmC� or

SmC�
A [5,8]. The main reason for this discrepancy is due to the inappropriate

assumption of
ffiffiffiffiffiffiffiffiffiffiffiffi
KkK?

p
/ sin2 Y and the resulting degeneracy lifting even at ~TT ¼ 1

where Y ¼ 0.

3
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